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Abstract 

We derive the combinatorial representations of Picard group and deformation space of anti- 
canonical hypersurfaces of a toric variety using techniques in toric geometry. The mirror coho- 
mology correspondence in the context of mirror symmetry is established for a pair of Calabi-Yau 
(CY) n-spaces in toric varieties defined by reflexive polytopes for an arbitrary dimension n. We 
further identify the Kahler cone of the toric variety and degeneration cone of CY hypersurfaces, 
by which the Kahler cone and degeneration cone for a mirror CY pair are interchangeable under 
mirror symmetry. In particular, different degeneration cones of a CY 3-fold are corresponding 
to flops of its mirror 3-fold. 
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1 Introduction 

For a quasi-smooth Calabi-Yau (CY) n-space X in a toric variety, the Picard group V\c{X)q^ and 
deformation space Y)ei{X)(^ in the Hodge spaces, and H"^^''^{X) respectively, play an 

important role in the algebraic geometry study of X and its applications in string physics (see, e.g. 
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[71 [26] and references therein). In the case when the toric variety is defined by a simphcial-cone 
decomposition with certain triangulation conditions, the anti-canonical hypersurface X is indeed a 
smooth manifold for n < 3. In particular for the case n = 2, 

X = K3 surface : H^'^{X) = Vic{X)q^ ® T)ei{X)(^. (1.1) 

For n greater than 2, the Picard group and deformation space are the same as the Hodge spaces: 

H^^'^{X) = Pic(X)([i, = Def(X)([i for n > 3. (1.2) 

By the mirror symmetry of Calabi-Yau (CY) spaces, we mean a pair of quasi-smooth CY n-spaces, 
X and X* , with a canonical identification of Picard group and deformation space: 

Pic(X)(p=.Def(X*)(p, Def(X)([j^Pic(X*)([j, (1.3) 

which are compatible with (quantum) cohomology n-product. For n = 2, the mirror symmetry (jl.3|) 
signifies the interchangeable relation between the algebraic cycles and the transcendental cycles of 
K3 surfaces X and X* . This symmetry is linked to the Arnold duality for the 14 exceptional 
singularities of modality one jlOl I19j. For n > 3, by (jl.3p . the mirror symmetry (|1.3p implies 

/ii'i(X) = /i"-i'i(X*) (n > 3). (1.4) 

In particular when n = 3, the Euler numbers of X and X* are of opposite sign, x{^) = ~x{^*)- 
Indeed, the mirror symmetry was first found in [6l [26] as a pair of Fermat-type CY 3-folds corre- 
sponding to the same conformal field theory with a reversal of left f/(l)-charge in string theory. 
Subsequently, the mirror cohomology correspondence (|1.3p for Fermat-type CY 3-folds was shown 
in [18] by the method of toric geometry as anti-canonical hypersurfaces of abelian quotients of 
weighted projective 4-spaces. A similar discussion for higher dimensional Fermat-type CY spaces 
was also given in |21] . The mirror symmetry was further extended to a large class of CY spaces 
in [2], where the anti-canonical hypersurfaces in n-dimensional toric varieties defined by reflexive 
polytope and its dual polytope for n(= n -f- 1) are found to satisfy the Hodge-number equality (jl.4p 
([2j Theorem 4.4.3). However, to the best of the author's knowledge, the mirror correspondence 
(jl.3p has not been established in literature till now, except the simplex polytope (i.e. Fermat-type) 
case for dimension n = 4 |18j . The importance of a canonical identification of toric representatives 
in (|1.3p is stressed as the keys either to string conformal-field applications, or to enumerative ge- 
ometry about rational-curve counting in a CY space. With a correct cohomology identification in 
(jl.3p . it is believed that the quantum cohomology computation of a CY manifold can be carried 
out by the method of complex-structure variation in its mirror degeneration family, as suggested 
by works in [31 ISl I2S] about the rational-curve problem in Fermat quintic or some other specific 
CY 3-folds. The object of this paper is to establish the canonical isomorphism (jl.3p between a 
mirror pair of quasi-smooth CY hypersurfaces in n-dimensional toric varieties defined by reflexive 
polytopes for n > 2. In this work, we employ techniques in toric geometry to build a special kind 
of combinatorial representations for Picard group and deformation space of those CY spaces, by 
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which the mirror correspondence is estabhshed by identifying toric representatives of the represen- 
tation. Of particular interest is the effect of the topology of CY spaces on those representations in 
mirror symmetry. It is known that the cohomology product of Picard group in (jl.Sp depends on the 
topology of manifolds, even in the Fermat CY case. Indeed, the Fermat CY 3-folds in [6l [18] are 
constructed as crepant resolutions of a (singular) hypersurface of an abelian-quotient of weighted 
projective 4-space [HI [TBI [25] . Such crepant resolutions are not unique in general. Two different 
ones are connected by a process of flops in birational geometry of 3-folds with different topological 
triple-products of Picard group (see, e.g. [2Q]), upon which the quantum product builds, albeit 
they both have the same cohomology representation. In the mirror correspondence ()1.3p . the effect 
of flop of a CY 3-fold on the deformation of its mirror has not been previously investigated in the 
literature, even for the Fermat-type case [2lj. Indeed, it is one main purpose of this present work 
to search an equivalent notion on the deformation space in mirror symmetry which corresponds to 
the flop in birational geometry. After sorting out the toric data between mirror Fermat-type CY 
3-folds, we find that the topological change due to flop of a CY 3- fold is linked to a different path 
of maximal unipotent degeneration in the moduli space of its mirror CY spaces. Consequently, 
by using techniques in toric geometry, one expects the same conclusion should also be valid for a 
mirror pair of anti-canonical hypersurfaces in toric varieties defined by refiexive polytope and its 
dual polytope. In the present paper we show that it is indeed the case. However, it turns out that 
the identifications in (jl.3p are quite involved, especially for the positive cone structure. Various 
technical details need to be checked before we then explicitly verify our proposal in a precise form. 

This paper is organized as follows. Section [2] is devoted to structures related to Picard group 
of hypersurfaces of a toric variety. We start with the homogeneous coordinate system of a toric 
variety in Subsection 12.11 In Subsection 12.21 we recall some facts in [23] about the Picard group 
of a generic anti-canonical hypersurface of a toric variety defined by reflexive polytope that will 
be used in the following. In Subsection 12. 3[ we present an effective mechanism to extract Kahler 
cone of a toric variety from its rational simplicial-cone toric structure. Explicit calculation of some 
examples are performed here. In Section [3l we investigate structures related to the deformation 
space of anti-canonical hypersurfaces of a toric variety. In the discussion of this section, we use 
some facts in toric geometry of which some detailed argument with technical complexity are pro- 
vided in Appendix for easy reference. We flrst recall the result in [23] about a combinatorial basis 
of anti-canonical sections of a toric variety, then describe the coordinate form of the basis ele- 
ments. In Subsection 13. 1[ we determine the deformation classes of anti-canonical hypersurfaces in 
the "minimal" toric variety. First, we flnd the moduli space of the anti-canonical hypersurface by 
Jacobian-ring technique, then identify the deformation equivalent classes modulus the transforma- 
tion of toric-variety automophisms. By the cohomology relation of hypersurfaces between a toric 
variety and the minimal toric variety, we derive the combinatorial representation of the deformation 
space of an anti-canonical hypersurface in toric variety defined by reflexive polytope in Subsection 
13. 2i In Subsection 13.31 we define the degeneration cone in the moduli of CY hypersurfaces, a struc- 
ture parallel to the Kahler cone of the toric variety in Subsection 12. 3i Using the combinatorial 
representation of Picard group and deformation space established in Sections [2] and [3l we show the 
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mirror correspondence p.3p and the identification of Kahler and degeneration cones between the 
mirror anti-canonical hypersurfaces of toric varieties defined by a reflexive and its dual polytopes 
in Section HI We close in Section [5] with concluding remarks. Some results in [23] are reviewed in 
Appendix, where some basic facts with technical arguments in toric geometry are also presented 
for easy use and reference of this paper (for the details, also see e.g. [5l [9l [T2]). 

Notation. In this work, we use the following notations. Let L be a n-dimensional lattice (~ S"), 
and L*{= Hom(L,ZZ)) the dual lattice of L. We set L-^ = L(g)^K for K =Q,]R or (D. Denote 
T(L) = L(^/L (~ (D*") the (algebraic) n-torus whose 1-parameter subgroups and characters are 
identified with elements in L and L* respectively. For a complete rational fan S in i.e. a 
polyhedral cone decomposition of C Ljj^, we shall denote Pe(= I'(s,l)) the complete T(L)-toric 
variety associated to E [5l[9l[12]. In general, Ps is a singular space, with at most abelian quotient 
singularities when S is a simplicial cone decomposition. By an integral polytope A C L-^, we mean 
a n-dimensional convex hull generated by finitely many lattice points of L, whose interior contains 
the origin of L, and the set of vertices of A will be denoted by V(A). A (n — l)-dimensional face 
will also be called a facet of A. The face-decomposition of the boundary 5 A of a polytope A gives 
rise to the polyhedral-cone decomposition Sq in L^. The T(L)-toric variety Pso defined by Sq is 
minimal in the sense that Psq is dominated by every T(L)-toric variety Ps for a refinement S of Sq, 
(equivalently, S n (9A is polytope decomposition of 9A). In particular, a simplicial decomposition 
A of 9A with A^'^^ C 5A n L, where A^-') denotes the collection of j-simplices of A for < j < n — 1, 
gives rise to a complete fan S(= S(A)) of Ljp^ consisting of cones a{s){= YlsesnkW ^>o^) for 
simplices s G A. Then Ps(= Ps(A)) is a complete T(L)-toric variety dominating P^g with at 
most abelian quotient singularities. 

Denote (*, *) : L^^ x L-g^ — > P the canonical pairing with integral values on L* x L. The 
dual polytope A* of A in LJ^ is defined by 

A* = {y G Lj^ I (y, x) > -1 , for x G A (4^ x G V(A))}. 

The dual face F* of a m-dimensional polyhedral face i*" of A (0 < m < n — 1) is the [n — m — 1)- 
dimensional face of A* defined by 

F* = {y G A* [ (y, x) = -1 for x G F (4^ x G F n V(A)}. 

Definition. (A,L) is a reflexive polytope iff both (A,L) and (A*,L*) are integral [2]. 

It is known that the origin is the only lattice point in the interior Int (A) of a reflexive polytope 
(A, L). For a reflexive polytope (A, L), a simplicial decomposition A of 9A will always be assumed 
to satisfy the following condition 

A(o) = L Pi (aA - |J{Int(F) I F : codim-1 face of A}). (1.5) 

Note that the toric variety Ps is Gorenstein over Peq- Throughout this paper except in Ap- 
pendix or otherwise stated, a polytope (A,L) will always be a reflexive polytope with a simplicial 
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decomposition A of OA satisfying (|1.5p and the relatior0 

L = the sublattice Lq of L generated by A'-''^. (1-6) 

The irreducible toric divisors in Ps(a) are determined by 1-skeleton of S(A), parametrized by A^'^^. 
Denote by the toric divisor in Ps(A) associated to an element 6 € A^''^. The divisor lattice is 
defined by 

^a(= I)(A,L)) := e^eAW Ke-^ K'^), d:=|A(0)|. (1.7) 
By (jl.6p . we have the following exact sequence of abelian groups: 

O^nA ^I)a Al^O, /3(e^):=5, (1-8) 

where nA(= ^{a,l)) ■— Ker(/3) is the rank-((i — n) sublattice of D/\ with l the inclusion morphism. 
The dual sequence of (jl.Sp is 



^ L* ^ A ^ 0, (^D^^ := Rom{D^,7l), := Hom(nA, K)^ , (1.9) 

where the basis of Z)^ dual to e^'s are denoted by 

= Ke^^ {e^\e^') =ef {:=1 if 6 = 6', otherwise). (1.10) 

5eA(0) 

For a cone C in a H-vector space V, the dual cone of C in the dual space will be denoted by 

d = {xe Hom(y,]R)| {x,v) > (v G C)}. 

2 Picard Group of Anti-canonical Hypersurface of Toric Variety 



We start with coordinate systems of toric varieties for later use, then review some facts in |23] about 
the Picard group of a generic anti-canonical hypersurface of a toric variety defined by refiexive 
polytope. This will also serve to establish the notation. The Kahler cone of toric variety will be 
discussed in the last subsection here. 

2.1 Homogeneous coordinates of a toric variety 

First, we describe the homogeneous coordinate system of the toric variety Ps(A) [U IH dH [23] . 
Regard (jl.Sp and (jl.Op as the 1-parameter subgroups and characters of the following exact sequence 
of tori: 

T(nA) T(Da) T(L) 0. 



^For simple notations, we assume the relation (|1.5p here, without which the conclusions of this paper are still valid 
as argued in [23] by regarding Pe{A) as a (L/Lo)-quotient of Pe(Ao) with the homogeneous coordinates in Section 
2.11 and identifying the anti-canonical hypersurfaces of Pe(A) with (L/Lo)-invariant anti-canonical hypersurfaces of 



Ps(Ao)- 
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Denote 

-^aK = © IKe^(-IK'^) for K =Q,]R,(D, 

5eA(o) 

and the first quadrant of jj^ by 

17(= n^) := M>oe^. 

The T(L>/^)-toric variety associated to the face-decomposition of is (j^ with coordinates 
z^e"^ for zs corresponding to e*^^ in (jl.lOp : 

<5gA{0) 

Associated to a triangulation A of 9 A, there is the (integral) simphcial fan S C in lying 
over the fan S(A) of Lj^, 

E (= S(A)) = {ct(s)|s : simplex in A}, a{s) := ^ ^>oe^ C I?^ j^. 

5esnA{o) 

Then E gives rise to a T(DA)-toric variety, denoted by (Eg(= ^2(a))' which is an afiine open subset 

T(Z)a) C (Dg = - ^-^^^ I ^5 = for J G /} (2.1) 

where the index / runs over subsets of A'^'^^ which are not in the form s n A*^'') for some s € A. Since 
/3 in p.Sp induces a fan-correspondence from S to S, sending a to a, it gives rise to the "principal 
T(nA)-bundle" 

7r:(Dg^PE (= (Cg/T(nA)). (2.2) 

The coordinates z = {zs)s of (Dg will be called the homogeneous coordinates of Ps. Similarly, there 
is the coordinate system of the minimal toric variety P^o defined by the face-decomposition of dA, 
by considering the following exact sequences as p.Sp and ()1.9p : 

^ HA ^ A L ^ 0, o^L*^Di,^ni,^0 (2.3) 

where D/\ q := ©t;gv(A) ^^'^ ' (^o{e'") ■= v, and hao := Ker(/3o) . As in (12. 2|) . there is the 
homogeneous coordinates, C = (Cu)ugV{A)) of Psq with the "T(nAo)-pi'iiicipal bundle" 

7ro:(Cg^ ^Pso, (2.4) 

where (Dg^ is the complement of U/o^{FnV(A)|F:face of A}{EC«e" | C« = for v e Iq} in ^ 
The fibration (|2.2p and (|2.4p are related by the following morphisms between D/\ q and D/\: 

j:D^o^D^, j(e")=e" for t; G V(A), 

p:D^^D^o, P{e') = E.eFnV(A) ^^"'e'^ for 5 G A(o), 
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where F is a face of A whose interior Int(F) contains 6, and r^'^'s are the F-face expression of 6, 
i.e. 5 = T.veFnv(A) ^v'^^ for r^'^ gQ>o with E^;'GFnv(A) ^v'^ = 1- Then 

p-j = idDAo' /3-i = /3o, /3o-?' = /3, 

where /3,/3o are morphisms in (|1.8|) and (|2.3p respectively. Then j,p induce an embedding and 
projection between n/v^ q and n^. The morphism 

p*:Dl,^Di, p*ie-^)= rf'Vt for G V(A) (2.6) 

wGF,<5Glnt(F)nA(0) 

induced by p in (j2.5|) gives rise to a regular map between fiber spaces of (|2.2|) and (|2.4|) : 

which induces the dominating morphism ip : P^; — > Pso with exceptional divisors Eg labeled by 
6 € A^*^) \ V(A). Note the morphism j* : — > -^ao iiiduced by j in (j2.5p gives rise to the 
biregular morphism outside exceptional divisors: P^o \ {^v{Es)) — > Ps \ i^Es). 

2.2 Picard group of toric variety and anti-canonical hypersurfaces 

We shall identify an element u € with the character function Xu '■ T(n^) — y (D*(= (D/K). For 
u G n^, the (orbifold) line bundle 0{iy) over Ps is defined through (j2.2p as the T(nA)-quotient of 
(Dg X (D via the action: (p, C) ■ t = {p ■ t, Xu{t)C)- C'(z^) = (Dg XT(nA) (C- Identifying u with O(i^), one 
may regard as the Picard group Pic(Pi;) of Ps. Indeed, we have the following result (see, e.g. 
(11) and Theorem 1 in j23j): 

n^(P ~Pic(PE)([i ~i/2(P5.,(D) , 1/ o ©(z^) o Chern class of O(z^). (2.8) 

An element g in can be regarded as a divisor of Ps, whose image under l* in (|1.9p defines the 
line bundle 0{i* g) over Ps. The canonical bundle of Pe is equal to 0{l*k.), where 

^ := _ ^ e^t e (2.9) 

5eA(o) 

and e^^ are basis elements in (jl.lOp . Similarly, the canonical bundle of the minimal toric variety 
Pso is equal to 0{lqKo) with 

'^0 = - E e"^eI?lo- (2-10) 

uGV(A) 

Under the morphism p* in ()2.6p . p*(ko) = k, hence Ps is Gorenstein and dominating over Psq- 
Let X be a generic anti-canonical hypersurface X in P^;. Then X is quasi-smootho, with the 

^ Here we mean ■k*{X) is smooth hypersurface of dg in (|2.2p . which is equivalent to the smoothness of X when 
n < 4 ([12] Proposition 6). 
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Picard group described by ([23] Proposition do, or Proposition 15.31 with p = —k in Appendix; for 
the simplex- A case, see |18j Lemma 7 (ii)) 

Pic(X)(c e (D (2.11) 

F, up 

where F runs over codimensional 2 faces of A with its dual face F* , and vp € (Int(-F) fl L) x 
(Int(-F*) n L*). In (j2.1ip . the line bundles in are those inherited from P^, and elements in 

the second term are the contribution from extract exceptional divisors lying over 1-tori determined 
by codim-2 faces F in P^q with elements in Int(-F*) PI L* representing primitive 0-cohomology 
basis of "blow-up-centers" in the 1-torus (see, Lemma 15.21 Remark (1) in Appendix). Indeed, X 
is a pull-back of a generic hypersurface Xq of Psq) iii which the closure Oi;' of T(L)-orbit Op 
fixed by L n (t{F) is isomorphic to P^. The line bundle 0{lqKo) over Psp restricting on Op is 
equivalent to Opi((i) {d = |Int(F*)| + 1) over P"*^ with the homogeneous coordinates z = [21,22]. 
Then := z^Zg"'^ (0 < /c < d) form the monomial basis of C'pi(d) so that {^^'^jfz} are in 
one-to-one correspondence with Int(-F*) PI L* . The set Xq n Op consists of d generic elements 
Xj G P^ (1 < i < d). Let X* {1 < j < d) be a basis of H^iXoCiOp) dual to Xj's with {x*,Xk) = e{. 
Then / = Y^'^^^^e^'^'^^/'^x* {0 < k < d - I) form a basis of H^{Xo DOp), which contains the 
(d — l)-dimensional primitive cohomology H^'^{Xq nOp) spanned byp*^ (1 < k < d — 1). Then all 
up^s in (12. lip for a fixed (n — 2)-face F are indexed by {6p,p^) for 6p € Int(-F)nL and 1 < A; < d—1. 
Note that p'^ = Yl'j=i ^jj {^F,p'^) is the toric divisor of Ps determined by 6p, i.e. e^^^ € -D^ 
in (jl.9p . which gives rise to the line bundle 0{L*e^'^^) € ^ in ()2.1ip . 

Remark. P[c(X)(£ in ()2.1ip depends only on A^'^^ not on the detailed simplicial structure of A. 
The structure in Picard group which is relevant to A appears only in the part ^ in (j2.1ip . 
reflected in the positive divisor cone discussed in the next subsection. 

2.3 Kahler cone of a toric variety 

In this subsection, we discuss the positive cone structure in ()2.1ip related to ^^q, which is a part 
of Kahler cone of X, consisting of line bundles induced by positive divisors of P^. An element in 
Q e D^{= D^^q^) wiU be denoted by 

Q= Yl e'^'^^ Q' = {Q,e'), 
5eA(0) 

regarded as a (toric) divisor whose t*-image in (II. 9p defines the line bundle 0{i* g) over Ps in (12. Sp . 
In the first quadrant cone of , 

lnt{Dl) = {Qe D^\{Q,e^) > for 5 € A^} C dI = {g e D^\{g,e^) > for 5 € A^} 

consists of effective divisors of Ps. First we define the following elements in n^Q. For 6 € A^'^^ 
there is a (unique) simplex sj^ G A so that —6 € Int(s^), equivalently, —6 = Yls'es'^ ''^s*^* 

''The formula (|2.1ip was stated in Proposition 5 of [23] for cases n > 4, but the formula is still valid for n < 3. 
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positive rational numbers n^* . Define 

n\=ni) = e'+ {n\. gQ^q), (2-12) 

whose one-parameter group s"* acts on T{D) in (j2.ip with (s = 0)-limit outside (Dg. Note that the 
above n'^'s in ()2.12p depend on the triangulation A, and generate a convex cone in n^Q, 

nA,o := X] ^>o "-"^ - "aQ ^ ^• 

Using n^'s in (|2.12p . we are going to describe a system of local coordinates of the principal bundle 
(j2.2p . The following lemma is obvious: 



Lemma 2.1 For a {n — l)-simplex s S A*^" i/ze (d — n) elements, for 5' € A^^^^ \ s, form a 
Q-basis with the expression, 



nfe^+ n^^e''" with nf , n^;, > 0, nf, = I, (5' G A^ \ s). 

56snA(0) <5"gA{0)\s 

T/ie above Q-basis, together with e^ {5 € sPlA'-'^^), /orm a basis of q. The basis {ess}^{ns'^s} 
of dual to {e^} U {n^'} is related to the basis {e^^} U {e'''"^} in ( TOOj) 62/ 

e5,s - e ' + 2^y/gA(o)\s ^5 e ' > - 2^5"eA(o)\s e 1 , 

where the index 5 €z s D A^'^\ 6', 5" G A*^^-* \ s, and the coefficients satisfy the relations, (gf) = 
— {rig ){ng/ and {gj, ) = {rig, )^^. Furthermore, es^s {S £ s (1 A^^'^) form a rational basis of the 
subspace P*{Lq) of D'^ in U.9\) . 

For a (n — l)-simplex s G A^"~^\ the generators snA'-*'-* of the simplicial cone cr{s) span a sublattice 
Ls of L. It is known that the collection of Us = Spec[a{s) OL*] for s G A^""^^ forms an affine open 
chart of Pe. For a given s, the T(nA)-space ()2.2p over Ug is given by 7r~^([/s) = Spec[fT(s) n -D^]- 
Consider the basis {e*^} U {n^'} of -C^Q in Lemma |2.1[ Then e^'s and n^''s generate a cone ilg 
in which contains cr(s) as a n-face. The relations of cones and lattices, {^{s), D/\) ^ 

{^s,D/^) ((t(s),L), give rise to the morphisms of toric varieties: tt^^{Us) ^ 7r^^{Us) Us, 
where (3 is the morphism in p.Sp . and tt^^{Us) = Spec[$7s nZ)^]. For 5' ^ s, let /c^' be the positive 
integer characterized by the primitive property of k^m^' in riA- Consider the lattices , 

nA,s := I]5'eA{o)\s "^{ks'n^') ^ ha, -Da,s := E^esnA^') + "A,s ^ -Da- 



d—n 



The cone-lattice relation (rig, -Da,s) — ^ (''"(s)) -^s) induces the toric morphism, (D'^ = (D" x(D' 
(D", with the coordinates corresponding to e^^g's and -^-^'s in Lemma 12.11 The morphism 7f is 



equivalent to the projection from (C /(-Da/-Da,s)(= ^(C/s)) to (E"'/{L/Ls){= Us), and we have 
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7r-i(C/3) = ((D" X (C*"-°')/(Z)a/^a,s) and T(nA) = (D™~''/(nA/nA,s). Using {5 G snA^o)), one 
can lift L into Da so that Da — L® ha- Hence the inclusion 7r^^([/s) ^ 7r~^([/s) is equivalent to 

^-i(?7s)~C/sXT(nA) C/s xTVZ) ~7r-i([/s), TVZ) := (C"-^/(nA/nA,s), 

and vr in (|2.2|) corresponds to the projection to the first component. 

For a simplex s G ^(»^-ms-i) q < < n — 1, it is known that the T(L)-orbit Os fixed by 
L n (t(s) is isomorphic to a ms-torus, whose closure Os is a mg-dimensional toric variety O |9l [12] 
(or in Appendix ()A13P for the detailed structure). Consider the subspace of D\ 

dI = {q^ D^\{Q,e^) = for (5 G s}, 

in which, there is the positive quadrant cone: 

Int(Dl^+) = G Dl\{e,e'') > for 5' ^ s} C ^t^^ = {g e Dl\{e,e'') > for 6' ^ s}. 

Then 7r^^(0s) in the fibration (12. 2p is contained in D^ with the coordinate system given by 
{e'^'^}<5'^s C For a (n — l)-simplex s G A("~^\ using the local system {e^^s} U {ns'^s} in 

Lemma |2.H one can express an element ^> in D^ by 

Q= q's + Qs, q's ■= T.5esnMo){Q,e^)es,s G ^-s := E5'eA{o)\s(^' "-^V^'.s G ^s- (2.14) 

In the above expression, g'^ can be regarded as the linear functional of Lq which takes the value 
on 5 G s n A^^\ hence {Qs,e^") is the difference of e'^"-values between g and Z^-linear functional g'^ 
for 6" ^s. 

Definition. [T3l [T5| ISsfl Let g be an element in D^= D^^^). 

(I) g is a non-negative (or convex) divisor if g^ in (j2.14p is an element of for all s G A^"^^^ 

(II) g is a. positive (or strictly convex) divisor if g^ G Int(D3 for all s G A^"^^^ 

Consider the positive cone in 

Cl (= Cl^) = {ge D^\{gs,e^') > for 6' G A^^) \ s, s G A^""!)}, (2.15) 

whose interior consists of all positive divisors whose i*-images in (|1.9p are positive line bundles 
over Px;- We now derive an mechanism to express the positive cone C^. For a (n — l)-simplex 
s G A^"""*^^ and 6' G A^*^) \ s, we consider the following element in n^Q: 

nf:=e^'+ Yl "t^' with ^ + ^ nlj = OGl^. (2.16) 

5esnA(o) 5esnA(o) 

^Here the definition is defined via the divisor lattice q, which is equivalent to the notion in [13II15|[23] where 
the convex divisor is formulated through the graph over _/q . Indeed, the , fa in Definition 3 of [53] are corresponding 
to g's,Q here with a — (j{s). Furthermore, results and defirntions of Subsection 12.31 here can be carried over to a 
general toric variety Pe defined by a simplicial cone decomposition of . Then A*-"' is identified with the collection 
of all primitive L-elements representing 1-dimensional cones in E, but the corresponding A in may not be convex 
in general. 
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As s n A^*^) form a basis of Lq^, the above element is uniquely defined. Note that nf = n^' in ()2.12p 

iff sjj, C s. Furthermore, nf^ is propositional to n% by a positive number if si n S2 is a common 
codim-1 face of Sj , and (5^ E Sj for i = 1,2. Define the positive cone in n^Q, 

nA,+ := Yl %o^f'^nAQ- (2-17) 

seA{"-i),<5'eA(o)\s 

Consider the dual of nA,+, 

nj^ = dual cone of nA,+ in ^^Q) ^a,+{D^) = dual cone of nA,+ in -^^q- (2.18) 
Through l* in (|1.9p . the cones in (j2.18p are related by 

uaAD^) = ^* "'K+)> Int(SA,+ (Z?^)) = i* -Hlnt(4 , )). 



Proposition 2.1 (I) The positive cone in 112.15]) is equal to nA,+ (-D^). 
(II) The non-negative divisors in the first quadrant cone of are given by 

ClnDl = {QeDl\ {q, nf ) > for 5' ^ s e A("-i), s^, \ s / 0}, 

Int(C|) nInt(Z)|) = {q£ Int(L>|)| (^,nf' ) > for 5' ^ s G A("-1), s^, \ s 7^ 0}, 



which satisfy the relations, l*{C\_ fl D^) = _|„ and z.*(Int(C^) nInt(L'^)) = Int(n^^). 
Proof. For an element 5' ^ s E A*-"^^-*, using Lemma l2. II and ()2.14p . one finds 

Ses 5"is 5es <5"^s 5"^s 

The last equality in above follows from the form of n^" G q and the definition of in (j2.16p . 
Hence we obtain (I). When s^, C s, = with n^^^s in (j2.16p all non-negative, which implies 
the constraint {Qs,e^') > (or > 0) for C\_ nl)^ ( or Int(C^) nInt(L'^) respectively) is redundant. 
Since /3*(Z^) is contained in C\_ with nf'-zero value, the relation between divisors and line bundles 
in (II) can be derived from the definition of non-negative or positive divisors. 

By Proposition 12.11 nj^ ^ is Kahler cone of Ps consisting of all non- negative line bundles over Psj 
regarded as a part of Kahler cone of X, and will be denoted by 

Cpie(X)(= Cpic,A(^)) = 4,+ . (2.19) 

The vertices of nj^ dual to facets of nA,+ in ()2.17p . can be described by a lifting of nj^ _,_ in C}^_. 
We now provide some examples as demonstration of the computation of nj^ ^ ; the first two are 
well-known, which serve as useful 'toy'-models to illustrate the method and notations used in this 
subsection. 

Example Rank(n/^) = 1 case, i.e. (A,L) = a reflexive simplex. Equivalently, Psq 

el. 



is isomorphic to an abelian quotient of weig hted projective space [21 [22l EHJEI: Pso ^ ^Pfu,,)/^, 

^In this example, the conditions, p.Sp and p.6p . are not satisfied when G 7^ 1. The positive divisors discussed 
here are those for the minimal toric variety P(E(],i)- 

^Some misprints occur in RIMS journal paper [23] page 832, where dj ~ and dia. [e^'''/'*i , . . . , e^"''' (on line 

14, 15) should be — dia-fe^"™!/'*, . . . , e^'^™^/'^] respectively. 
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with weights Wi £ TL>q (1 < « < + 1), and G a subgroup of the diagonal finite group SD (:= 
{dia[ti, . . . , tn+i] = Hi = 1 (1 ^ ^ containing the element dia[e , . . . , e 3 ] g 

G, where d = ^Y^=\ ~ g c d(d ) • Indeed, the simplex A is spanned by (n + 1) generators 

(5*'s of a n-dimensional real vector space y(~ IR") satisfying the relation ^}2!i=\ '^i^^ — 0- Consider 
the n-lattices in V: Lq = ^"+/ m\ and L = {YJl=l %^'\ h, Ei J ^ K Vi}. Then L is the lattice 
in V satisfying the relations, Lq C L Q L and L/Lq ~ G. The sublattice ha.Lq of -^A,Lo ™ (|l-8p is 
given by ffin with n = "^^^i Wie^\ and homogeneous coordinates in (j2.4p are given by C = (Ci)i^L^ 

oil -j- 

with Q corresponding to e € D'^ The triangulation Aq is the face-decomposition of A with 
the (n — l)-simplex Sj spanned by {(5-'}i<jyi<n+i- Then nf_ = n for all i, hence 11+ = Q>on, 
and = Q^gn"'', where n'f is the n^-basis dual to n with (n^,n) = 1. The element gives 
rise to a line bundle over Psg, denoted by 0(1). The positive cone G\_ consists oi g £ D^^ with 
'Yli'^iB^ ^ 0) whose divisor class is the non-negative line bundle Oi^^Wi) over Psq) with the 
relation G\_ n Int(D^) = Int(L>^,_). In particular, the divisor defined by = gives rise to the 
bundle 0{wi). 

Example 2^ Some rank(n/^) = 2 case. We consider the blow-up of weighted projective space 
P"^.-) at the point = {e\)'l^l , sscy k = n + I, denoted by 

TT : P"^-) — > ^"to,)' T^~^{c^^^) = exceptional divisor E. 

With J* (1 < i < n-M), L = Lo in Example 1, and (5"+^ := -(5''+\ the polytope A is the convex hull 
spanned by , and A is simplicial decomposition of 9A so that A^""^) consists of the first n 

simplices Sj (1 < i < n) in Example 1, together with n simplices tj (1 < i < n) defined by tj = the 
{n — l)-simplex spanned hy 5^ (1 < k ^ i < n) and (5""*"^. Then P^; — IPj^^.y Since Y17=i ^i*^* ~ ^ 
and 5"'"'"^ -|- (5"^^ = 0, the subspace q of q in (II. 8p is generated by n = ^^^i Wie^' and 
= e"^"^^ + e^"^^. The vectors in (j2.16p are 

nf:=n, nC'=nC=n\ n£ = n^ {1 < ^ < n) 

where n-^ = n — Wn+i^^- The positive cones in ()2.17p . ()2.18p and Proposition 12.11 are now given by 

Ci = {ge Dt|^n+l + gn+2 > 0, ^--^1 nJiQ' _ > 0}, 

Int(C7|) n lnt{Dl) = {g e Int(Z?|)| EL'i' w^e' " «^n+i£>"+' > 0}, 

where ni , n2 are the basis of ^ dual to , . The morphism t* in (jl.9p is given by ^> 
(^"+1 + ^"+2)ni + {Y^'^~iw^g^ - u'„+2^"+2)n2, which sends G^ to n^. Since i*(e^"^'t) = and 
i*(e'^^"l') = ti'in2, we find the non-negative line bundles over TP(^^ai^)- — '^*C>{'Wn+i) trivial on the 
exceptional divisor E, and n2 = tt*0{wi) (8> 0{—wiE) trivial on fibers of the canonical projection 
from Wl„.) to P"-|i . 

(^i) (Wi\l<'i<n) 

Example 3. Flop of hyper surf aces in 4-dimensional toric variety. Let P£(a) be a 4-dimensional 
toric variety associated to a triangulation A of dA satisfying (|1.5p and (|1.6p . Suppose that there 

'''The polytope in this example is not reflexive. As stated in footnote of the definition of positive divisors, Propo- 
sition 12.11 also holds for a general toric variety. 
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are two 3-simplices s,t € A^^^ with the form s = 6^6^5'^6^, t = 5'^6'^5'^6^, where (5* (1 < 4) are 4 
elements in a 2-dimensional face of A satisfying the relation (5^ + (5^ = (5^ + 5^. Then a generic 
anti-canonical hypersurface X of IPs(A) is non-singular in the open chart Us U Ut of 1Ps(a)- Define 
another two 3-simplices, s'' = 5^6^6'^6'^ and = 6^5^6^6'^, in dA with the property s U t = s'' U t''. 
We form another triangulation of 9 A by replacing s, t € A^'^-' for s^, G A^ The toric variety 
^s(A'i) is a flop of Pe(a) so that the anti-canonical hypersurface of ^y:{A^) defined by the same 
equation as X is a flop of X in birational geometry of 3-folds. In , there are two positive cones, 
C{^_^_ for Ps(A) and ^ for Ps(A^)- Since 6^ + 6^ = 6^ + 6^, n := e''' + e^' - e^' - e^' is an element 
in riA, and vectors in (j2.16p are expressed by 

A : nf = nf = n, A^ : n% = n% = -n. 

By Proposition 12.11 we find 

Ci^^ C G D^{q,i,) > 0}, C{,^^ C e D^{Q,n) < 0}, 

hence ]Ps(A) and ]Ps(aI]) have no common positive divisors, equivalently Int(n]^ ^) nlnt(nj^^ = 0. 

The process of flops indeed appears in the Gorenstein toric variety Ps(a) = ^{wi)/G over P^^.-^/G 
with A satisfying ()1.5p and ()1.6p . Since any triangulation T on all faces of codimension < 2 of 
a n-simplex A satisfying (ll.5p can always be extended to a triangulation A of 5A with the same 
A(o) = T(0), one can construct a flop process by changing the triangulation on 2-dimensional faces 
of the 4-dimensional simplex A whenever the group G is sufficient "big" , e.g. P / SD with G = SD 
and Wi = 1 for all i. Indeed, the extended (n — l)-simplices A^"^^) of 9A can be constructed from 
T as follows. Let A„_i be a facet of A. If A„_i n A^'^) is equal to V(A„_i) (the set of vertices 
of A„_i), we set s = A„_i € A^""-^). Otherwise, A„_i can be expressed as the join of a vertex v 
and a (n — 2)-face A„_2 of A„„i, A„„i = v * An-2, with the property A^^^ \ V(A„_2) / 0. Write 
An-2 = Uu, where u € T^"-^) and u C A„_2. Then A„_i = U{v * u). We set s = u * u G A^""^) if 
u C Int(A„_2). Otherwise, u is spanned by a finite number of vertices of A„_2, fi, • • • , Vn-i-k {k > 
1), together with 6i, - ■ ■ ,6k G A(°) \ V(A„_2). Then v*u. = A^_-^_^,*5i . . . ,5k, where A'^_i_k is the 
(n — 1 — /c)-face of A spanned by v,vi, . . . ,n„„i„fc. One finds A^ -,^ = Uu' with u' E -f^"^-'^^'^), 
and v * u = U(u' * 6i . . . , 5k), by which we set s = u' * 5i . . . , 5k € A^"^^^ Therefore we obtain a 
triangulation A of dA as an extension of T with the same 0-skeleton. 

3 Deformation Space of Anti-canonical Hypersurface in Toric Va- 
riety 

Consider the dual polytope (A*,L*) in L^^, equipped with a simplicial decomposition A* = 
{A*(i)}pi of dA* satisfying and ([L6|) for A* and L*: 

^ HA* A ^ ^ 0, ^ L ^ Z)^. ^ n^^, 0, (3.1) 

where /3'{e^*) = 5* for 5* G A*'-''-*. Note that no relation is imposed between the triangulation A* 
of dA* and A of dA in Section [2l We shall denote the origin of Ltr, by 0*, and the collection of 
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vertices of A* by V(A*). A simplex in A* will be denoted by s*, and d* := lA^'^^ [. Corresponding to 
the basis 's of -Da*, the torus T(L'a*)(— ^*'^ ) is parametrized by coordinates u = {us*)g*^/^,{o) ■ 
The simplicial decomposition A* of dA* gives rise to the T(L'A*)-variety (Cg; as in (j2.ip : 

u = Ms,^A*w e(E^,=D^,Q^- \J iY^us-e^' \us*=0 for 5* e K}. (3.2) 

E'^{snA*{o)|seA*} 

By Proposition 2 and Section 7 in [23j or ()A4p in AppendijJ^, the space of anti-canonical bundle 
of Ps or is given by 

r(Pso,(!?(^S(-«o))) - r(Ps,0(6*(-K))) ~ e{(Dv* I V* G A* n L* } • (3.3) 

By ()A5P in Appendix, the above basis elements v* have the following homogeneous-coordinate 
representation using C = (Cw)ugV{A) of Pso in or z = {zs)s^a(o) of Pe in (|2.2p : 

C*=n.ev{A)C^^ = n^eAW wherev| = (v*,5) + lGK>o for 5 G A^. (3.4) 

Note that z^* is determined by ("^* via the regular map (p in (|2.7p : <^*(C^ ) = -^^^ • Furthermore, 
the above functions define the zero-divisor for the section v* in P^o and Ps respectively, 

which are related by p* in (|2.6p . The zero- loci of a generic section in (|3.3p define a quasi-smooth 
hypersurface X of Pe, and the same for Xq in Psq- Then X = (^^^(Xq) with a dominating 
morphism induced by ip : Ps — ^ ff*Eo- 

95(= V'restriction) : AT > Xq. (3.5) 

Note that both X and Xq are disjoint with 0-dimensional torus-orbits in the toric variety Ps or 
Pso (see Appendix, the case rus = m = in Proposition 15.31 (HI)). By (j3.5p . A is a CY (n — 1)- 
space Gorenstein over the (possibly) singular CY space Xq. By condition (jl.Sp and the property of 
reflexive polytope which contains no integral points in the interior except the origin, X is indeed 
non-singular when n < 4, hence a crepant resolution of Xq (see, e.g., |16] Proposition 2, or [23j 
Proposition 6). We shall write a general element of (|3.3p in the form 

J2 w* + aO*+ "v*v*, a^O, Ov- G (D (3.6) 

w*eV{A*) v*eA*nL* 

regarded as the hypersurface deformation of 

X : f{z) = E..ev(A.) + = C Pe; 
^0 : /(C) = E^.evCA*) + aC°* = C P^o- 

In this section, we are going to determine the deformation space of X through parameters in ()3.6p . 

^Indeed, a combinatorial basis for the space of sections of an effective convex divisor class in P{e,l) was given in 
[23j Proposition 2, which we will recall in Appendix for convenience here. 
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3.1 Deformation of anti-canonical hypersurfaces in minimal toric variety 

In this subsection, we determine the deformation space of Xq in the minimal toric variety P^o by 
using homogeneous coordinates C = [C,v)v£V(l\)- First we will show that by the linear change of 
variables of (Dg^ in (|2.4|) , the parameters Oy* 's in (|c{.6p can be reduced to those in faces of dimension 
less than n — 1 by Jacobian-ring technique, as argued in |181l21j for the simplicial-A case, i.e. Fermat 
hypersurfaces in weighted projective spaces. By (j3.4p . monomials in the expression (j3.7p of /(C) 
are given by 

C°*=n.6V(A)C., r*=n.ev(A)\F(«,-)C"* K>1) for u;* G V(A*), 

where F{w*) is the facet of A dual to w*] and the coordinates for an element x* in the interior 
Int(F*(a;)) of a facet F*[x) of A* dual to a vertex x € V(A) are expressed by 

C*= n x:>l. (3.8) 

The Jacobian ring of /(C) in ()3.7p is the ideal in (D[C] generated by partial derivatives of /(C): J{f) = 
(5t./(C))t,ev(A),wherea, := ^f^. Note that by /(C) G JU) since /(C) = E^,ev(A) /5t>C«5„/(C), 
where /3„'s are positive rational numbers satisfying S^,gv(A) l^v = ^, and St^,i=v(A) /^""^ = in A. 

Lemma 3.1 [§ Let Xq be defined by /(C) in (3.1) with a generic a, and x* be a L* -integral element 
in interior lni{F* {x)) of a facet F*{x) of A* in i3.8\) . Then 

x*^ E{(^V*lv*GL*n(aA*\U^.^f,,,,„f ^ant(F*))} (modJ(/)). (3.9) 

Proof. For an element x* in (|3.8p . let m{= m(x*)) := min{x*|f G V(A) \ {x}} > 1, and write 
C* = ^''*(n^gv(A)\{x} Cv)""^ where r/'^* = n^ev(A)\W withx'* = x*-m > 0. Since 9^,/ G J(/), 

veV{A)\{x} WeViA") {m„*|«)*GV{A*)} 

where the index {m^*} runs niw* G K>o with X^^.gv(A*) = w-, and 

«)*gV{A*) m;*gV{a*) uev(A) 

Note that d^C^ = when w* G F*{x), (here we use the convention O'^ := 1). Using 
and ry''* = Jq^^o^, one finds 

"^{m^*}-^ (f} ^0*\m 11 11 



^ This lemma and the relation (|3.14p in this subsection correspond to results in n-simplex A case through the 
Jacobian-ring calculation of a Fermat-type polynomial, which is easily performed (see, e.g. [18] or [21] Theorem 1) , 



where the coefficients a^^^/'s in the proof of Lemma [3. II here are zeros when n > 4, but could be non-zeros in the case 
n = 3. 
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Then r]^^ 7^ iff m^* = for all w* G F*{x), in which case, zeros of the monomial r]^^ 
define a toric divisor of P^o linear equivalent to the zero-divisor of C,^ , equivalently x*({m^*})(:= 
X* + Et«*eV(A-)^«'*^*) e L* n A* by By x* G Int(F*(x)) and 0* G Int(A*), one finds 

x*({m^.}) /x*. Therefore 

x*^(-a)-(x*) Yl x*(W}) n (modJ(/)). 

where m^. G Z;>o and m^t,. = for w* G F*{x) with X]^.gv(A*) ™'«'* ~ 'rn{x*){> 1), x*({mt„.}) G 
L* n A* \ {x*}. Denote the vector space on the right side of ()3.9p by V, and label elements in 

L*n(^ Ui..:facet of A* Int(F*)^ by x* for 1 < £ < r. By /(C) G J(/), 0* = V (mod J(/)). Hence 

the above relation implies that for each i, there exist a positive integer m(x|) and ae/' G K for 
f / ^ so that 

X* - (-a)™(x^*) a,,,,x,n = 1^ (mod J(/)). 
Therefore for generic a, X£ = V (mod J{f)) for all £. This shows the relation (j3.9p . 

By Lemma [3. H we may assume av*'s appeared in the parameters of ()3.6p only for v* in faces of 
A* of dimension less than n — 1, i.e. f * = (5* G A*^'^) by condition (jl.Sp for the triangulation A* of 
9A*. However, there are still constraints (modulus J{f)) remained among the coefficients a and 
av*'s. Since V(A*) C A*('^\ the monomials w*^s in /(C) can be absorbed into the rest parameters 
of (|3.6p . expressed in the form of moduli space using variables in p.2p : 

C°*+ Yl us^C^\ u = {us*)e(E^^. (3.10) 

Note that the above space depends on the triangulation A*, which might not contain the defining 
equation of Xq in (|3.7p . but with sufficient variables to describe the deformation near Xq. We are 
going to describe a parametrization of (|3.10p using the lattice D^.^^. in (j3.ip . Choose a base element 
b = (bs*) in (Cg;. An element fi in q, denoted by 

/i= ^ M5*e^*tei)^^^, (3.11) 

5*gA*(0) 

gives rise to an one-parameter family in (|3.10p : 

Xoib;fi) : +S'' ■b = 0, s^'-b:= ^ s^^-'fo^.C'^' (s G r). (3.12) 

The families Xo(6;a/i) and Xo(6;/u) for a G Q>o related by the change of parameter s i-7> s", 
hence essentially are the same. In particular, Xo(6;e''*^) = + S5*&(5*C^* + Z]<5'*^5*gA*(°) V*^'' *' 
by which we introduce the multi-variable deformation, 

Xo(6; {e''^\e'' G A(0}) : C°* + J] VC'* = 0. (3.13) 

5*gA*{0) 
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Note that the above expression provides a parametrization of T(DA*)-orbit in (Dg; containing the 
base point b in (j3.10p . and ()3.12p is obtained by the substitution ss* = s^^* in ()3.13p . With 6's in 
all T(L'A*)-orbits, (|3.13p provides a simultaneous parametrization of the deformation space (j3.10p . 
However among families in (j3.12p . those induced from automorphisms of toric variety are 
redundant ones. Indeed by (Remark of) Lemma fS.ll in Appendix, an one-parameter group of T(L), 
i.e. /3'*(C) in 1^ for ^ e L, acts on v* in 1^ by (s,v*) ^ s<^*'^>v*, where s G (D*(= (D/K) is 
the independent variable of one-parameter group ^ in the expression of XqQ); (3'* {(^)) (j3.12p with 
= J25*eA*(o){^*,Oe^'^- Any two deformations in (l3l^ differ by Xo{b] (3'*{0) for ^ G L are 
equivalent up to a family of transformations of Psfr^-utomorphism. Hence deformations of Xq 
modulus Pso-^-utomorphism are identified with q modulus Z^, which is the same as q 



by (j3.ip . Hence we obtain the following description of deformation classes: 

Def(Xo)(c n^,(p. (3.14) 

Note that n^^ ^ is defined through integral points in the faces of A*, which does not depend on 
the detailed triangulation structure of A*. A realization of Def(Xo)([; is provided by a lifting of 
n^, ^ in ^ through t'* in 

3.2 Deformation of anti-canonical hypersurface in toric variety defined by re- 
flexive polytope 

In this subsection, we describe a combinatorial representation of the deformation space of anti- 
canonical hypersurface X of Ps in (j3.7p . By (|l.ip and (jl.3p . Dei{X)qf can be regarded a subspace 
of the Hodge space if"-2,i(x) in H^'^^X), similarly Dei{Xo)q^ C H''~'^'^{Xo) C i7"-i(Xo). 
Using Mayer- Vietoris cohomology sequences, one finds the cohomology relation between X and Xq 
through ip in ()3.5p : 

where E^s run the exceptional divisors in X, and H^^^{X) is related to H^^^{E) by restriction 
of cohomology class, equivalent to the cup-product of (1, l)-form representing the Chern class of 
0{E), (see, e.g. jl7j Theorem 2). By Proposition 15.31 (III) (with p = —K,ms = n — 1) in Appendix, 
H"'~^'^[E) = except (p{E) is a hypersurface of a (n — 2)-dimensional toric subvariety of Psq) iii 
which case = X n Og for a vertex s € A^*^) n Int(F) with F a 1-dimensional face of 9 A, and 
H^^^'^{E) is represented by (]A19P with F* = F*,m = n — 2. Indeed, the exceptional divisor E is 
generic P^-bundle over (p{E), and the contribution ^'^(E) in the deformation space are induced 
from canonical sections of (p{E). Hence Dei{X)(£^ is the direct sum of Def(X)Q (jt with all those 
H^~^'^{E)^s. By ()3.14p . we obtain the combinational representation of deformation space of X: 

Def (X)([, ^ n^, © (Ei^F, (3.15) 

F*, vp* 

where F* runs over codim. 2 faces of A*, and up* € (Int(F*) n L*) x (Int(F) n L). For ^ € -D^, q 
in (|3.1ip . the deformation i'* p € n^^ ^ in Def(X)(p is induced from A'o(6;/i) in (|3.14p . hence by 
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(j3.3p . is represented by 

X(6; //) : z°* + s'^ • 6 = 0, s^" ■ b := ^ 5^^*65*/* (s G (D*). (3.16) 

Note that Def(X)([; in (j3.15p depends only on the 0-skeleton A**^"-* of A*. The structure in the 
deformation space relevant to the detailed triangulation A* is the degeneration cone of X discussed 
in the next subsection, similar to the relation between (j2.1ip and Kahler cone in Subsection! 



3.3 Degeneration cone in moduli space of anti-canonical hypersurface of a toric 
variety 

In this subsection, we discuss the degeneration of anti-canonical hypersurfaces of a toric vari- 
ety in the moduli space ()3.10p . whose structure depends on the simplicial decomposition A* of 
dA*. In (j3.13p . we use the one-parameter families of 's to parameterize the moduli space 
(j3.1Up . However, the structure of ^ in (|3.15p will be better represented by a ^-basis 
dual to a basis of -D^, q which contains a n^, Q-basis. For (n — l)-simplex s* € A*^"^"'^^ let 
{e''* }5*gs*nA*(o) {'^''* }(5*'eA*(")\s* basis of L*^, q in Lemma [2TT] with respective to (L*,A*), 

and {e5.,s*}5.gs*nA*{o) ^ {''^5'*,s*}s*'eA*(o)\s* is the dual basis. As in (|2.14p . any element /i G q 
can be expressed by 



<5*Gs 



Parallel to ()2.15p . Proposition 12.11 and (|2.17p . we define the positive cone in Z?^^ q, 

Cl + (= 4.,+) = {f^ e Dl^_^\{ni:',e'") (= (^3,e^*')) > (5*' ^ s* G A*^"''^)}, 

where n^t' G n^* q are defined by ()2.16p for a (n — l)-simplex s* C All nf*''s generate the 

cone nA*,+ = 1^5*/^s*eA*("-i)^>o ^s* ™ "^a* Q- As in ()2.18p . we define the degeneration cone 

CDeg(-'^)(= CDeg,A'(-'^)) = nj^.,+ := dual cone of nA.,+ C n^, ^j^, (3.18) 

which consists of non-negative (one-parameter) degeneration classes. The interior of C| con- 
sists of all positive degeneration of anti-canonical hypersurfaces in P^;- In particular, elements in 
Int(Cj^ _i_) nInt(L']^, ^) are CY degenerations with [s = 0)-limit z^* , called the maximal unipotent 
degenerations. Note that any such deformation fj, is equivalent to ^s* in (j3.17p for s* G A^""^^ 
which is a degeneration with (s = 0)-limit ^v*eA*(o)ns* -^^ • 

4 Mirror Symmetry of Anti-canonical Hypersurfaces in Toric Va- 
rieties of Reflexive Polytopes 

We start with a triangulation A of a reflexive polytope (A,L) and a triangulation A* of the dual 
polytope (A*, L*). In Sections [2] and [3l we derive the combinatorial representation of Pic{X)(£ and 
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Def{X)(£ for a generic anti-canonical hypersurface X of Pi;(a) in (j2.1ip and (j3.15p respectively, 
then find an explicit form of Kahler cone n^^ of Ps(A) i^i (j2.19p . and degeneration cone n]^* ^ in 
the moduli space (|3.10p of X in (|3.18p . On the other hand, (A*,L*) gives rise to a T(L*)-toric 
variety lPs(A*)) whose anti-canonical global sections possess a basis represented by A n L as in 
(jS.Sp . Let X* be a generic anti-canonical hypersurface of ]Ps(A*)- By regarding L* as the group 
of one-parameter subgroups of T(L*) with the character group L, one finds the combinatorial 
representatives of Fic{X*)(£ are the same as Def(X)(j^ in ()3.15p . and a similar identification also 
for Def(X*)([t and Fic{X)(£. Therefore X and X* constitute a mirror CY pair so that the relation 
(jl.3p holds. Furthermore, the Kahler cone Cpic,A*(X*) of P2(a*) is identified with the degeneration 
cone CDcg,A*(^) for X in (|3.18p . and the same for the equality between CDeg,A(^*) and the Kahler 
cone Cpic,A(X) of ]Pe(A)- In summary, the following structures between a mirror anti-canonical 
hypersurfaces of two toric varieties defined by a refiexive and its dual polytopes are interchangeable 
by identifying their toric representatives: 



Picard group : Pic([; 
A line bundle 

Principal bundle space over toric variety 

Kahler cone : Cpic 

A positive effective divisor class 



Deformation space : Def([;, 

One — parameter deformation. 

Moduli space of anti — canonical hypersurace, 

Degeneration cone : Coegj 

a maximal unipotent degeneration. 



The Cpic,A(^) of X in above describes the Kahler cone of ]Pe(A)5 which is equal to degeneration 
cone CDeg,A(^*) of its mirror X* , both depending on the triangulation A of dA. In particular for 
a CY 3- fold X, there is the fiop process for certain Pe(A) a-s described in Example 3 of Section 
12.31 where X is birational, but not biregular, to another CY 3-fold X^ with the same combinatorial 
representation of Picard group (|2.1ip and deformation space (j3.15p . X and X'' also share the same 
degeneration cone (|3.18p . but with different Kahler cones by Int(Cpic(X)) n Int(Cpic(X'')) = 0. 
The mirror X* and * of X and respectively are biregular, but their degeneration cones are 
different with Int(CDeg(^*)) n Int(CDeg(^'' *)) = 0, which serves the mirror of fiop of CY 3-folds. 



5 Concluding Remarks 

From the framework of toric geometry, we find a combinatorial representation of Picard group 
and deformation space of anti-canonical hypersurfaces X of a toric variety defined by reflexive 
polytope. By identifying the toric representatives of the representation, we establish the cohomology 
correspondence between the mirror pair previously found in [2], as an extension of the mirror 
correspondence in [18]. This paper can be regarded as a continuation of the work in |23) about 
Picard group of hypersurfaces in toric varieties. Here we have further identified the structure 
of Kahler cone and degeneration cone of mirror CY hypersurfaces using toric techniques. As a 
consequence, a different parametrization of the moduli space in CY degeneration provides the 
mirror notion equivalent to fiops in CY 3-folds. For the purpose of exploring the essential role 
of simplicial-cone structure of toric variety in mirror symmetry, we concentrate here only on the 
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positive line bundles of X induced from the Kahler cone of the ambient toric variety. However 
in the most general situation, the complete Kahler cone or positive deformation cone of X should 
add the extra contribution of z^i^'s in (|2.1ip or iyp*^s in (j3.15p . into (|2.19p or p.lSp . the relation 
of which not immediately apparent, and not yet studied in the present article. These structures 
are essential for the understanding of quantum cohomology product in mirror symmetry. Work 
along these lines is under consideration. Here, just to keep things simple, we restrict our attention 
only on the mirror cone-structure with no contribution from i/p^s or I'pi^s. We leave the further 
discussion of our results, and possible generalizations to future work. 

Appendix: Some Basic Facts in Toric Geometry 

In this Appendix, we summarize results in [23] and some basic facts in toric geometry used in this 
paper for easy reference. Some should be well-known (but we could not find an explicit reference). 
For completeness, we include some technical arguments for certain statements here. Results in 
this section hold for a general polytope (A,L) with a simplicial decomposition A of dA with 
A(°) C L n OA, i.e. condition (fT3|) or (jl.6p not necessary required. For convenience of notions, we 
consider the cases when the rational toric divisor class 0{i* p) over Ps is effective and convex, i.e. 

P= pVte^i (/gK>o), (Al) 

and the piecewise linear functional on L-^^ linear on every simplicial cone cr(s) of S with value p^ 
on 5 G A*^"^ , satisfies the convex property [131 [13 US] j a condition equivalent to the non- negative 
condition in Section 12.31 of this paper. Define the p-dual polytope of A b}0 

Note that the effective-convex condition of p is equivalent to the convex-cone property of A* (see, 
e.g. Proposition 1 and (24) in [23j). By the convex property of p, each m-face F* of 9 A* for 
< m < n — 1 gives rise to a (n — 1 — m)-polytope Fp in dA generated by finite elements in Zq . We 
shall assume Fp is generated by a finite number of elements in A^'^^flF for some (n — 1 — m)-face F of 
9A, so that all -Fp's form a polytope refinement of the face-decomposition of dA. For convenience, 
Fp will be called a p-face of 3 A, and the set of 0-dimensional p- faces will be denoted by Vp(A). 
In general, the p-face Fp may not be equal to the face F (for the details, see the relation between 
p-graph-cone Cp and its dual cone C* in [23] Section 3) . Similar to the construction of the minimal 
toric variety Psq; there exists the "p- minimal" toric variety P^p o ^^^^ ^ convex divisor p in ()Aip . 
where Tip o is the complete polyhedral cone of L-^ induced by the p-face-decomposition of dA. 
Since A is a triangulation of p-faces and p is determined by those p'^'s for 5 G Vp(A) in ()Aip . the 
toric variety Ps dominates Psp o- 

(/P(=(^p) :PS(A) ^PSpo: 0{i*p)=^*0{ilpo), (A3) 
"'The a; here is denoted by A(L*)p in [23] (24). 
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where po is the toric divisor of Sp o defined by po := J2veVp(A) P^^ ■ Hence sections of 0{i*p) 
over Pe(a) are the (/^-pull-back of C(io/Oo)-sections over Ps^ q. Note that when p = —n in (j2.9p . 
Al^ is the same as the dual polytope A* of A, and (— /t)-face -F_k is equal to the face F with 
IPepo =]Pso,Po = -'^o in duo}. 

Now we describe a combinatorial basis of sections of 0{i*p]. First we consider the case when all 
elements in A^*^^ are primitive in L. By Proposition 2 in [23]^, a basis of global sections of 0{l* p) 
over consists of a finite number of integral elements in A* as follows: 

r(Ps,o(^*p)) {^T{w^^,,o{iipo))) ^ e{(Dv* I V* € a; n L* } . (A4) 

Indeed by the exact sequences (21) and (22) in [23J, the above basis elements v*'s are identified 
with monomial functions of (Dg in ()2.ip expressed by the homogeneous coordinates z = {zs)s of Ps 
as 

<5eA(o) 

which are characterized as monomials [k = k^e^'^ G D^, /c^ > 0) with the "degree" property: 
{k,i{n)) = {p,L{n)) for n € ha- In particular, the zero-section 0* corresponds to z^ = H^gAW ^5 

V* 

with yO as its zero-divisor. Furthermore, as rational functions of the fiber space in (j2.2p . ^ is 
identified with the character function of T(L) induced from v*, Xv* : T(L) — > (C*(= (E/7Zi), 
regarded as a rational function of Ps- Therefore through the expression (jASp . the space of sections 
in ()A4p is identified with a subspace of polynomial functions of (Dg. It is known that the translation 
rriy: of T(L) by an element u S T(L) extends an automorphism of Ps which preserves all toric 
divisors, hence the line bundle 0{i* p). Furthermore, one may lift the translation m-u to the bundle 
0{l* p) fixing the section z^ . Indeed, we have the following result: 

Lemma 5.1 The T{L)-action of IPs can be lifted to the line bundle 0{i*p) so that T(L) acts on 
the space {A 4^ by 

(^I,v*) ^Xv(m)v*, u G T(L),v* G A^nL*, 
where Xv* is the character function o/T(L) determined by v*. 

Proof. By the definition of 0{i* p) and ()A5p . it suffices to construct a lifting of the T(L)-action of 
Ps to the fiber space (Dg of ()2.2p which fixes the monomial z^* . Let 5^ (1 < J < n) be n elements 
in A^'^) which generate a (n — l)-simplex contained in a /O-facet Fp of A. Then J-^ 's form a basis of 
with the dual basis 5j G L^, (5'') = e^. For 5' G A(°) \ {(J-^'}"^^, one has 

•5' = - Ei=i for G Q, (A6) 

by which we define n^' = e*^' + X]j=i o,j'^^^ €E n^Q. Then n''''s form a basis of n^Q, and together 
with {e^^}'j^i, they form a basis of -D^q. The basis {e^j}"^]^ U {?^5'}5'gA(") ^Y^^ °^ '^aQ *° 

^^In [23j . we assume the polytope A contains the origin as the only lattice point in its interior. Indeed by the same 
argument, the results in Proposition 2 and Theorem 2 of [2^ are still valid for integral polytopes discussed in the 
appendix here. 
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{e'^'l U {n^'} is related to e'^+'g in (fTTO]) by 



esj = e^'"^ - E5'gA(o)\{5j} ^<5' = ^"^'^ = + E5'gA{o)\{5j} of n^/. (A7) 

Under /3* in (|1.9p . one has (3*{5j) = e^j for 1 < j < n. We now use the basis 6j^s of to express 
an element w* € L* by w* = Yl^=i'^'' ^ write u = n + L € T(L)(= Lq^/L) 

with n = Yl]=i'^j^'' ^ -^(D % ^ Then the character Xw of '^(-L) is expressed by Xw*{u) = 
11^=1 6^'^'"^"'^ • particular, X5j('w') = e^'^'"^, hence X(5j = e^^J e^^. for 1 < j < n. Since z''* 

is identified with p G D^, expressed by p = Y.]=iP^'esj + E5'GA{o)\{5n(/''^' + T,]=i P^' ^^j )^S' in 
terms of the basis {eg]} U {n^/} , a T(L)-lifting of Ps to (Dg in (j2.2p fixing z^* is equivalent to a 
collection of (d — n) linear functionals, vs' € Hom(L([;, (D) for 5' E A*^*^) \ {^-' j, satisfying the equation 

E"=i + T.s'eA(o)\{53}iP^' + Ej=i /'aj')?;5'('u) = 0, 
which by ()A7p . the T(L)-action of (Dg, (u, (25)5^^(0)) i-)- (^;5(w))5gA{o) ' described by 

zg, (n) = e2-i(P^'%+E,»^{,.} .,„{n))^^^ ^ ^ e2™^'(«)z5, (5' G A(o) \ {J-?'}). (A8) 

By ()A6p . the vanishing condition, p^' + p^^aj' = 0, is equivalent to 5' lies in the hypersurface 
of L-^ containing the facet Fp. For a given element 5" G A^*^) outside the hypersurface containing 
Fp, an action in (lASp is given by the following u'' 's: 

^^5o(n) = - ^^^1 -0— ^— j-^Uj, = for 6' j^5°, 

which provides a T(L)-lifting to the line bundle 0{i* p). 

Remark. As in (j2.2p and (jASp . there is a homogeneous coordinate system = (Cu)?jGVp(A) fo^ 
IPSp 0' by which the section v* of 0{iQpo) in ()A4p is identified with (for the case p = —k, see 
(|2.4p and (|3.4p ). By the same argument for the expression , one can show that Lemma |5. II also 
holds for the line bundle 0{lqPo) over Ps o- 

Suppose X is a quasi-smooth hypersurface X of Ps defined by zeros of a section in ()A4p . By using 
the standard residual argument in algebraic geometry, a basis for sections of the canonical bundle 
ICx of X can be derived from those in ()A4p as follows: 

F"-i'0(X)(= r{X,ICx)) ^ 0{(Dw* 1 w* G Int(A;) nL* }. (A9) 

We now consider the general case for an integral polytope (A, L) with a simplicial decomposition 
A of dA with A^''^ C L n dA. For each p G A^'^^ let nip be the positive integer so that p (:= is 
a primitive element in L. Instead of p's, the primitive toric divisors in P^ are represented by p's. 
An integral toric divisor is an element in the lattice dual to D, where 
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by which elements in D'^ are rational toric divisors for D . In particular, p is expressed by 
p = X]<5eA(o) m^^^^ • that A* can also be described by 

a; = {y G % I {y,p) >-— for 6e A^}. (AlO) 

The homogeneous coordinates of Ps corresponding to the L>-structure are z = {zs)5 = X]<5gA(o) '^se^ , 
related to z = {zs)s in (j2.ip by zs = z^'' . Sections of an integral toric-divisor class of Ps are 
presented by z-polynomials, and those for a rational toric-divisor class of Ps are expressed by 
polynomials of rational powers of z^'s. In particular, the rational toric-divisor classes induced by 
elements in are presented by z-polynomials. Hence the formula (|A4p still holds for sections 
of 0{l* p) over P^;. The relation (jAOj) is valid for those quasi-smooth hypersurfaces X defined by 
sections of integral toric-divisor classes. We summarize the obtained results as follows: 

Lemma 5.2 Let IPt,{= ^^{A)) be the T[L)-toric variety defined by an integrable polytope (A,L) 
and a simplicial decomposition A of dA with A^^^ C L n dA. For 6 € A^^\ we denote by ms the 
positive integer characterized by the primitive property of ^ in L. Let 0{i* p) be the line bundle 
over IPs induced by an effective convex (rational) toric divisor p = X^^eACo) p'^e'^t G L*^. Then 

(I) The space of global sections of 0[i* p) over P^, has a combinatorial basis in {A 4^ with the 
coordinate representatives in M5|) . 

(II) // p is an integrable toric divisor, i.e. ^ ZZ for 5 G A^''^ , and X is a quasi-smooth 
hypersurface of Py, defined by a section of 0{i*p), then the space of sections of canonical bundle 
of X has a basis in llAd\} . 

Remark. (1) When n = 1 in the above Lemma (II), Ps = P"^ with L = 7Z and ^ = ±1, 
in which case elements in ()A4p are described by monomials z^ := z\z2~^ {0 < k < d), where 

z = (^1,2:2) is the homogeneous coordinates of P^, and d = (— h -^). Then X consists of d 

general elements xj in P\ and H°{X) is a d-dimensional vector space with the basis x*'s dual 
to Xj's for 1 < j < d. Then H'^'^{X) is the {d — l)-dimensional subspace of H^{X) with z'' 
corresponding to X]^=i e^'^'^'^/'^a;* in (jA9j) for {0<k<d). 

(2) A section w* in (|A9p defines the effective divisor pvv* = X^^gACo) w^e*^^, which differs from p by 
L*{i*) for some £* £ L*, again satisfying the convex property. The (pw*)-dual polytope A*^_^ is the 
translation of A*: A* = A* — w*. 

H rw* r 

(3) By the discussion in |23j . the relations (|A4p and ()A9p are also valid for a convex toric divisor with 
p^ > 0. In this situation, the origin may not be in the interior of the polytope A*. Furthermore, 
A* could be a polytope of dimension less than n, in which case we set Int(A*) := in (jAOj). 

Next we extend (jA4j) and ()A9P to formulas held for a face of A*. For a (n — m — l)-face F of A 
(0 <m<n — 1),-Ln-F spans a (n — m)-dimensional subspace of Zq, whose intersection with L 
gives rise to a (n — m)-sublattice Lp of L. Let Lp{:= L/Lp) be the quotient lattice of rank m with 
the exact sequence of lattices: 

^ L ^ ^ 0, (All) 
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where p is the natural projection. A simplex s of a triangulation A of dA whose interior is contained 
in the interior of F must be in the (n — mg — l)-skeleton ^^^i^ yti < < n — 1. We 

define 

s* = {y G a; I (y, 5) = for 5 G s n A^^^}, 

which is a m-face F* in 5A* with its dual (n — m — l)-p-face Fp contained in F. The (n — nis)- 
dimensional subspace of spanned by one-parameter subgroups in the cone cr(s), i.e. L n cr(s), 
intersects L on a (n — rris )-sublattice L^, whose quotient Ls(:= L/L^) in L is a mg-lattice: 

O^L^^L^Ls^O, withL^CL^, LjLp ^ L^/L^. (A12) 

The T(L)-orbit Og fixed by L n cr(s) is isomorphic to a mg-torus, whose closure Os is a subvariety 
of Ps- First we describe the toric structure of Og. Indeed, Og = Ugcs'GAOs'- For a s' G a("^™=+'^) 
with s C s' {k > 0), the vertices of s' outside s form a /c-simplex s" G A*^'^^ Denote 

r?is — 1 

Star(s) = y {s" G A^'^^js * s" G a("-'"=+*^)}. 
fc=o 

Under the projection pg in (|A12p . ps(s) is the origin of (Lg)]j^, and pg(Star(s)) becomes a 
star of in (Ls)]j^. Then s" (:= pg(s")) is a fc-simplex with vertices in Lg for s" G Star(s)*^'^''. 
The convex hull of all s", denoted by A(s), is a rrig-polytope in (is)i^ containing the origin so 
that pg(Star(s)) form a triangulation A(s) of the boundary 9A(s). Through pg in (jAlip . the 
T(L)-space Og becomes a T(Lg)-toric variety: 

Og = T(Lg)— toric variety IPs(A(s))i ^(s) : triangulation of dA{s). (A13) 

Then 0{i* p) over restricting on Og gives rise to a line bundle over Ps(As)) whose divisor class 
we are now going to derive. Let Fp, F be the (n — m — l)-p-face and [n — m — l)-face of A which 
contain the interior of s. Since s* = F*, using the coordinate form (jASp . one finds that the section 
corresponding to v* in ()A4p vanish on Og when v* ^ fJ^. So one needs only to consider those 
C'(t*/3)-sections corresponding to elements in F* fl L*. Note that vertices in A(s)('^) are of the 
form 5" for 6" G Star(s)('^), equivalently s * 6" is a (n — m)-simplex in A^""™). Hence (s * 6")* 
is a facet of F* with the expression (s * 6")* = {y G F*\{y,6") = -p^"}. The facets of F* are 
characterized by {m — l)-faces F'^* with F"* C F*, equivalently, (n — m)-/9-faces F'^ with F'J D Fp. 
Since (Star(s)(0) \ Fp) n F;' / when F;' D Fp, we obtain 

K = iy^ %Ky' ^) = -P' e (^P n A(°)), {y, 5") > -/' {5" G Star(s)W \ Fp)}. (A14) 

If Fp D L* = 0, the zeros of every section in (lA4p contain Og. Otherwise, we choose an element 
Vq in F* n L* as the base element. For convenience, Vq will be chosen in the interior of F* if 
Int(Fp) n L* / 0. Consider the m-dimensional subspace {F* - Vq)q of spanned by F* — Vq. 
There is the m-lattice L*p, ^.-j = L* n {F* - Vo)q so that L*^^ ^^^^ = {F* - Vq)q. Since L^^. 

^^Indeed, the conclusion can also be derived from the relation between the p-graph cone Cp and its dual cone Cp in 
the discussion of i23i Section 3. 
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vanishes on Fp, hence on Lp, one can identify L'^p, with the dual lattice Lp of Lp in (jAlip . 
Then F* — Vq corresponds to an m-polytope in L*^ j^, denoted by A^;,^: 

L*F ^Llp,,.'^y A^^^F;-v5, (A15) 

where the isomorphism </> satisfies the relation (y,p(x)) = (0(y),x) for y G L*p and x S L. The 
integral elements in A|;,^ are given by yv* (v* G F* fl L*), where yv*'s are defined by the relation 
4>{yv*) = V* — Vq. Define the divisor p of the T(Ls)-toric variety IPe(A(s)) ™ (IA13P : 

-P = E5"estar{s)(o) f^'"^ ^ D^A^sV p'" ■= p'" + ^ ^ S>o for 5" G Star(s)(0). (A16) 

Note that = when 5" € Star(s)(°) n Fp. By (jATIl) and (|H5]) . one finds the equality of 
polytopes in jj^: 

= A(s)l ={y€L*^ RKy'^") > -/' for S" G Star(s)(0))}. (A17) 

The convex property of F* implies the convex condition of the divisor p, which is effective when 
Int(F*) n L* / 0. Using (IATsI) . ^MB, (KTtI) and Lemma [52] (I) , together with Remark (3) of 
Lemma 15.21 one obtains the following results: 

Proposition 5.1 Let s G A^""*""^^) be a {n — rris — \)-simplex whose interior is contained in 
interior of a (n — m — l)-p-face Fp and (n — m — l)-face F (with Fp ^ F and < m < rris <n — \). 
Denote by Os the closure of the T{L)-orbit associated to s in -ff's(A)- 

(I) Os is isomorphic to the rris- dimensional T{Ls)-toric variety iPE(A(s)) 

(II) // the zero-loci of a generic section in {A^^ does not contain Og, the restriction of 0{i* p) 
on Os is equivalent to the divisor class Oil*])) over iPs(A(s)); where p is defined in \A10\) using a 
base element Vq € F* D L* . The space of sections of 0(j*'p) over P-e{A{s)) described by 

r(iPE{A(s)),0(^*p)) ^ e{<JV* I v*eF;nL* } (Ai8) 

so that the section with zero-divisor p corresponds to Vg. 



Next we explore the relation between L-integral points in Int(Fp) and hypersurfaces of Og under 
the condition (II) of Proposition 15.11 Suppose p in Proposition 15.11 (II) is an integral toric divisor 
of ^Pi;(A(s))^) and Xs is a quasi-smooth hypersurface in Os defined by a generic section of 0(1*/?). 
First we consider the case when ttIs = m, i.e. s G A*^""™"^) with s C C F for a (n — m — l)-/9-face 
Fp and [n — m— l)-face F. In this situation, by (jASp we have = Lp and Lg = Lp. By Lemma 
15.21 (II), together with Remark (3) of Lemma 15.21 one finds the combinatorial representation of 
canonical forms of X^: 

H^-^fi(x^) ~ 0{(Cw* I w* G Int(F;) nL* }. (A19) 
^■'in general, p is a rational, not integral, toric divisor in Pe(A(s)) even when p is an integral divisor of Pe- 
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Note that in the above formula, the data on the right are the same for all whenever s G A^"""^"^-* 
with s C Fp. Indeed under the dominating morphism (jASj), (p{Os) is equal to the closure 
of T(L)-orbit Opp in the /^-minimal toric variety P^p o- With the same argument as the toric 
structure of Og in (IA13|) . one finds Opp is isomorphic to a complete T(Lj7)-toric variety lPs(A(Fp))) 
where Li;' is the lattice in (jAlip . and A{Fp) is a polytope decomposition of the boundary of a 
m-polytope in Lp jj^ obtained by the p-projection of all /j-faces Fp D Fp. Furthermore, as the 
relation between p and po in (|A3p . the divisor J) in Og is the (/3-pull-back of a toric divisor pg in 
Opp- = V^s^(''o7'o)- Here ifs denotes the restriction of ip on Og. Hence r(P5](A(i?p)), ©(Iq/'o)) 

is isomorphic to vector spaces in (jAlSp . and in Og is indeed the pull-back of a hypersurface 
Xp^ in Opp'- Xs = (p*{Xpp). Therefore the combinatorial data in ()A19|) can be regarded as those 
for Xp^. A similar consideration can be carried over to the general case for mg > m in Proposition 
15.11 (n). Indeed, ^{Os) = Op^, equivalently the restriction of ()A3P defines a surjective morphism 

V>s ■■ ]Pe(A(s)) ^UA(Fp)), 0{T*p) = iflOiroPo) (A20) 

so that Xs is the pull-back of a hypersurface Xp^ in Ps(A(Fp) defined by zeros of a 0(ZoPo)"Section: 
Xs = ip~^{Xpp). By the toric data associated to the fibration (|A20p . the generic fiber fg of ips is 
isomorphic a complete T(L^/L^)-toric variety Ps(A(s,Fp))> where Lp, are lattices in ()A12p . and 
A(s,Fp)) is a triangulation of the boundary of a (rrig — m)-polytope in ]R,/^tlR generated by 
Star(s)W nFp. Hence Xg is a fibration over Xp^ with the general fiber fg. Since H^'^ifs) = for 
1 < J < ms—m, H^'^{Xs) vanishes for m < k < rrig — 1 and (m— 1, 0)-forms of Xg are (/Jg-pull-back 
of canonical forms of Xp^ given by ()A19p . We summarize the result as follows: 

Proposition 5.2 Let a simplex s G ^(n-ms-i)^ (^j^ — m — l)-p-face Fp, (n — m — l)-face F , Og = 
iPs(A(g)), and p he the same as in Proposition I5.il (II). Suppose p is an integral toric divisor of 
-^s(A(s)); '^'^^ is a quasi-smooth hypersurface in Og defined by a generic section of 0(j*'p). Then 
H^'^{Xs) = for k > m, and H"^~^'^{Xs) is isomorphic to the space in l(A19\} . 

Remark. Indeed, the X^ in the above proposition is a fibration over a quasi-smooth hypersurface 
Xp^ of Ps(A(Fp) in (|A20j) with the general fiber fg being a complete toric variety of dimension 
rus — m. The elements in ()A19p are induced from the canonical forms of the base Xp^. 

We now discuss the relation between the homogeneous coordinates of Ps in (j2.2p and Og in (jAlSp : 

^s:(Cg(^(g))^IPs(A(s)) (=0g). (A21) 
As in (jl.Sp and (jl.9p . we have the exact sequences 

nA(g) ^ I)a(s) ^Lp 0^0, ^ L> ^ D*^^^^ ^ n^^^^ 0, (A22) 

where Lp q is the m-sublattice of Lp generated by A(s)('^), and /3g(e'^ ) := 6" for 6" € A(s)(*^\ 
By (jASp . (jAlSP and ()A16p . v* in (]A18P can be expressed in terms of the homogeneous coordinates 
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z = (^r)5"eStar(s)(o) JMI]) as follows: 

= n V" ' ""-A- ' ^"^ ^ + ) = ^ Star(s)(0) . (A23) 

<5"GStar(s)(0) 

On the other hand, the coordinates (jASP of v* G n L* in ()A4p are given by 

^v* = ( -Q -Q forv*GF;nL* (A24) 

<5"eStar(s)(0) 5^(FpUStar(s)(o) ) 

since v| = for 5 € A^*^) n Fp. The coordinates (|A23p are obtained from (|A24p by setting zs = 1 
for 5 ^ Star(s)^'^\ which gives rise to the regular embedding from (|A2ip into (|2.2p : 

^E(A(s)) ^ ^S' ^ = (%")5"eStar(s)(0) ^ 2; = (^;5)5eA{0) ^<5 = 

induced by the divisor-embedding of ()A22p into (ll.Sp : 

-Da(s)^^A, ^"^y' for y € Star(s)(°). 

Hence the lattice 11^(3) in (|A22p is given by 11^(3) = pro] ^(^^^^{f3~^ (Lp)) , where 13, Lp are defined 
in (jl.Sp . (jAlip respectively, and proj^(s) is the projection of onto I?a(s)- 

Consider the case when the p-dual polytope A* is L*-integral. Note that in the case p = —k, 
the integral Al^ is the same as the reflexive polytope condition of (A,L). By (lAlOp . conditions 
in Lemma 15.21 (II), Proposition 15. ll (II). and Proposition 15.21 are all satisfied. Furthermore, by [23] 
Theorem 1 and a combinatorial basis for the Picard group of a generic hypersurface of some 
special toric variety Pe is described as follows: 

Proposition 5.3 Let A be a simplicial decomposition of dA of an integral polytope (A,L) with 
A^^^ C Ln OA, and p be an effective convex toric divisor in IIAI]) . Suppose the p-dual polytope A* 
is L* -integral, and A satisfies the following condition 

A(o) = Pi {dA- lJ{Int(Fp) 1 Fp : codim - 1 p-face of A}). 

Lets. € A'^"~™'=~^) be a {n — ms — 1)- simplex whose interior is contained in interior of a (n — m—1)- 
p-face Fp and [n — m — l)-face F (with Fp F and < m < < n — 1), and Os be the closure 
Os of T{L)-orbit associated to s. Consider a hypersurface X of IPs defined by a generic section of 
0{l*p). Then 

(I) X is quasi-smooth, and we have the following combinatorial representation for the Picard 
group of X: 

Pic(X)^=.n^^e QuF^, 

Fp,VFp 

^''The convention A in this paper is different from that in [23] Theorem 2, where A denotes the polyhedral cone of 
the boundary of p-graph cone over E. 



if (5 G Star(s)(o) 
1 otherwise. 
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where the index Fp runs over the codimensional 2 p-faces ofdA, and vpp G (Iiit(-Fp)nL) x (Int(Fp)n 
L*). 

(II) Og is isomorphic to a m^- dimensional toric variety iP£(A) in The restriction of 
0{i* p) on Og is equivalent to the divisor class 0{l*'p) over iPs(A(s)) where p is an integral toric 
divisor of iPs(A(s)) defined in \A10(j . and the space of sections of Oil*'p) over P-£{A{s)) ^<^s basis 
represented by L* -integral points of F* in IIA18\) . 

(III) X intersects on a quasi-smooth hypersurface of iPE(A) with H^'^{Xs) = for 
k > m, and H"^^^'^{Xs) isomorphic to the space in I(A1SI\) . 
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